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The Teukolsky master equation — a fundamental equation for test fields of any spin, or pertur-
bations, in type D spacetimes — is classically treated in its separated form. Then the solutions
representing even the simplest sources – point particles – are expressed in terms of series. The only
known exception is a static particle (charge or mass) in the vicinity of Schwarzschild black hole.
Here, we present a generalization of this result to a static point particle of arbitrary spin at the
axis of Kerr black hole. A simple algebraic formula for the Debye potential from which all the NP
components of the field under consideration can be generated is written down explicitly.
Later, we focus on the electromagnetic field and employ the classic Appell’s trick (moving the
source into a complex space) to get so called electromagnetic magic field on the Kerr background.
Thus the field of nontrivial extended yet spatially bounded source is obtained.
We also show that a static electric point charge above the Kerr black hole induces, except an
expected electric monopole, also a magnetic monopole charge on the black hole itself. This contri-
bution has to be compensated.
On a general level we discuss Teukolsky – Starobinsky identities in terms of the Debye potentials.
PACS numbers: 02.30Em,04.20.-q,04.20.Jb,04.20.Cv,04.40.Nr,04.70.Bw
I. INTRODUCTION
Since the first exact solutions of the Einstein field
equations were found, scientists became interested in be-
haviour of various test fields on these backgrounds. The
very first successful attempt dating already back to the
year 1928 was performed by Copson [1] who discovered an
electromagnetic potential of static electric charge in the
vicinity of Schwarzschild black hole in a compact alge-
braic form considering Hadamard’s theory of elementary
solutions of partial differential equations.
The field of static electric charges later attracted a lot
of attention in the seventies beginning with the work of
Cohen and Wald in 1971 [2] (series expansion of electro-
magnetic field strength tensor). In 1972 Fackerell and
Ipser [3] made the first attempt to decouple the Maxwell
equations in Newman –Penrose formalism, providing a
separable equation for ϕ1 on the Schwarzschild back-
ground. A year later Teukolsky showed that on type D
background decoupled and separable equations for the
outermost NP components of a test field of an arbitrary
spin exist [4] providing an excellent framework for fu-
ture progress. Solving the Maxwell equations in tensor
components and series expansion Hanni and Ruffini [5]
managed to draw lines of force of the field generated by
a static point charge hovering above the Schwarzschild
black hole.
Another breakthrough happened in 1974 when Cohen
∗ d.kofron@gmail.com
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and Kegeles introduced the Debye potentials in the NP
formalism [6] — from a single complex scalar field all
the NP components of the field of arbitrary spin can be
calculated.
Employing the Teukolsky equation the series expan-
sion of the field of static charged point particle on the
symmetry axis on the Kerr background was provided by
Cohen, Kegeles and Wald [7]. Later a series expansion
of fields of various electromagnetic sources was given by
Bičák and Dvořák [8, 9] and independently by King [10]
in 1976 – 1977.
Yet the only known closed formula by Copson was re-
discovered by Linet in [11] 1976.
The gravitational perturbations were treated in the
Debye potential formalism in the works of Chrzanowski
[12] and Cohen and Kegeles [13, 14] in 1975. The Cop-
son formula was again rediscovered by Keidl, Friedman
and Wiseman [15] in 2007 where they brought these re-
sults in the Debye potential formalism and generalized
to static mass particle and gravitational perturbations.
Later, these result were used by Sano and Tagoshi [16]
in 2014 in order to find a field of a massive disk around
the Schwarzschild black hole.
In the section II we recapitulate the Teukolsky master
equation and the main results of the Debye potential for-
malism. We aslo present new results. Here we employ
the NP formalism [17] and its reformulation in terms of
complex line bundles of [p, q] weighted scalars — GHP
formalism [18].
The section III is devoted to the exact solutions of test
fields in non-separated form. IN the following section IV
we focus on the electromagnetic field. Visualisations of
some results are provided and the Meissner effect, which
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2has recently been proven to hold not only at the level
of test fields on type D backgrounds but also in the non-
perturbative mode and in general axially symmetric black
hole spacetimes [19, 20], is naturally observed.
II. MASTER EQUATION, DEBYE
POTENTIALS AND
TEUKOLSKY–STAROBINSKY IDENTITIES
Teukolsky [4] provided decoupled equations for the NP
components of gravitational perturbation ψ˙0 and ψ˙4, of
test electromagnetic field ϕ0 and ϕ2 and neutrino field χ0
and χ1 in a general vacuum type D spacetime and per-
formed a detailed analysis of these equations on the Kerr
background. It has been realized that Rarita – Schwinger
fields fit into the same scheme [21].
Buchdahl [22–24] derived an algebraic constraint for
solutions of minimally coupled spin s ≥ 3/2 equation
which is quite restrictive on curved background.
In the spinor formalism [25] the zero rest mass equation
for a test field of any spin s is given in terms of a totally
symmetric spinor ϕAB...C of valence 2s as
∇CC′ϕAB...C = 0 , (1)
and its solutions are restricted by the condition
ΨABC(D ϕEF...)ABC = 0 , (2)
where ΨABCD is the Weyl spinor. By projecting the
equations (1) onto the null tetrad and decoupling them
one obtains equations similar to Teukolsky master equa-
tions (11) – (12) but without the (2s − 1)(s − 1)ψ2 term
which represents coupling to the background curvature.
This shows that the linearized gravity is not described
by the spin-2 zero rest mass equation. Analogically the
spin-3/2 Rarita – Schwinger field is governed by equations
obtained by linearization of supergravity field equations
[26], not by the zero rest mass equation.
In the NP formalism [17] quantities describing space-
time geometry and field equations are expressed in terms
of scalars obtained as their projections onto the null
tetrad (l, m, m¯ ,n). The tetrad is determined by de-
manding that the only nonvanishing scalar products are
lana = −mam¯a = −1. The freedom in its choice
is given by the Lorentz group which naturally splits
into 4 groups: null rotations around fixed l, null rota-
tions around fixed n, boosts in (l, n) plane, and rota-
tions in (m, m¯) plane. The metric is reconstructed by
gab = −2l(anb) + 2m(am¯b). And the connection is en-
coded in 12 complex spin coefficients.
The discrete ‘prime’ transformation
l
′
←→ n , m
′
←→ m¯ , (3)
allows us to reduce the number of Greek letters needed for
spin coefficients, and it is common to use (κ, σ, %, τ, β, )
and their primed counterparts.
S -2 -3/2 -1 -1/2 0 1/2 1 3/2 2
[p, q] [-4,0] [-3,0] [-2,0] [-1,0] [0,0] [1,0] [2,0] [3,0] [4,0]
0 ϕ
1/2 χ1 χ0
1 ϕ2 ϕ1 ϕ0
3/2 Σ3 Σ2 Σ1 Σ0
2 ψ˙4 ψ˙3 ψ˙2 ψ˙1 ψ˙0
TABLE I: The NP field components for field of a given
spin s, their spin-weight S in the first row, GHP
weights [p, q] in the second row. The outermost
projections (with maximal/minimal spin-weight), for
which the Teukolsky Master equation holds, are in
black, the others in gray.
In GHP formalism [18] the real null directions l, n are
fixed and the freedom of the tetrad is restricted to boosts
in (l, n) plane and rotations in (m, m¯) plane which can
be written explicitly as1
la → λλ¯ la, na → λ−1λ¯−1 na , (4)
ma → λλ¯−1ma, m¯a → λ−1λ¯ m¯a . (5)
This allows us to define GHP scalar of a specific weight
[p, q] (corresponding to a spin- and boost-weight ( 12 (p −
q), 12 (p+ q))) which transforms as
ϕ −→ λpλ¯q ϕ , (6)
under the transformations (4) – (5). The (κ, σ, %, τ)2 are
proper GHP scalars meanwhile neither (β, )2 nor NP
directional derivatives (D, ∆, δ, δ¯) transform properly.
Incorporating β and  in differential operators leads to
GHP derivatives
þη = (D − p− q¯) η , þ′η = (∆ + p′ + q¯′) η , (7)
ðη =
(
δ − pβ + qβ¯′) η , ð′η = (δ¯ + pβ′ − qβ¯) η , (8)
which acting on scalar of weight [p, q] create a scalar of
weight [p+r, q+s] where the appropriate raising/lowering
weights [r, s] of the particular derivative are as follows
þ→ [+1,+1] , þ′ → [−1,−1] , (9)
ð→ [+1,−1] , ð′ → [−1,+1] . (10)
Therefore ð and ð′ are spin raising and lowering opera-
tors, meanwhile þ and þ′ are boost raisining and lowering
operators.
The prime operation takes a scalar of weight [p, q] into
a scalar of weight [−p,−q], and complex conjugation into
a scalar of weight [q, p].
1This transformation naturally follows from the transformation of
spin dyad oA → λoA, ιA → λ−1ιA.
2Together with their primed counterparts.
3The GHP formalism allows for a simple consistency
test of equations: only a scalars of the same GHP weights
can be compared.
Since we are interested in the NP components of test
fields of an arbitrary spin s, and, moreover, we utilize
the GHP formalism we summarize the notation in the
Table I.
The gravitational perturbations are described by 5
scalars ψ˙j (meanwhile ψ2 is the only non-zero compo-
nent of the Weyl tensor of the background metric of type
D), the Rarita – Schinger field by 4 scalars Σj , the electro-
magnetic field by 3 scalars ϕj , the Weyl neutrino field by
2 scalars χj and the Klein –Gordon field by single scalar
ϕ. We denote the field components ψ˙0, Σ0, ϕ0, χ0, ϕ
as Φ[2s,0] and ψ˙4, Σ3, ϕ2, χ1, ϕ as Φ[−2s,0] where in the
square brackets are GHP weights [p, q]. In our notation
the s is strictly non-negative and just denotes the ab-
solute value of the spin of the particular (outermost)
component. In this way the equations for Φ[2s,0] and
Φ[−2s,0] look similarly (which is the direct consequence
of the prime (′) operation of GHP formalism) and we do
not have to distinguish equations of positive and negative
spin-weight S. In this notation the action of prime on s
is identity s′ = s (otherwise the prime would change the
sign of S). The equations which are primed versions of
the others will be grouped and labeled as sub – equations,
such that (a)′ = (b).
The Teukolsky master equations in the NP formalism,
as adapted from [4], read
[
(D − (2s− 1)+ ¯− 2s%− %¯) (∆− 2sγ + µ)− (δ + p¯i − α¯− (2s− 1)β − 2sτ) (δ¯ + pi − 2sα)− (2s− 1)(s− 1)ψ2]Φ[2s,0] = 0 , (11)[
(∆ + (2s− 1)γ − γ¯ + 2sµ+ µ¯) (D + 2s− %)− (δ¯ − τ¯ + β¯ + (2s− 1)α+ 2spi) (δ − τ + 2sβ)− (2s− 1)(s− 1)ψ2]Φ[−2s,0] = 0 . (12)
Straightforward translation of these equations into the
GHP formalism leads to[
(þ− %¯− 2s%) (þ′ − %′)− (ð− τ¯ ′ − 2sτ) (ð′ − τ ′) (13a)
−(2s− 1)(s− 1)ψ2
]
Φ[2s,0] = 0 ,[(
þ′ − %¯′ − 2s%′) (þ− %)− (ð′ − τ¯ − 2sτ ′) (ð− τ) (13b)
−(2s− 1)(s− 1)ψ2
]
Φ[−2s,0] = 0 .
These equations are a cornerstone of the perturbation
theory in the NP and GHP formalism.
A. Teukolsky – Starobinsky identities
It has been shown that there are relations in between
ψ˙0 and ψ˙4 as well as in between ϕ0 and ϕ2, [27, 28].
These relations, known as Teukolsky – Starobinsky iden-
tities, were intensively studied in their separated form
[29] in the Boyer – Lindquist coordinate chart, but they
are truly geometrical identities which depend only on the
special NP tetrad. Their covariant form for electromag-
netic field read [30, 31]
þ′þ′
(
ψ
−2/3
2 ϕ0
)
= ðð
(
ψ
−2/3
2 ϕ2
)
, (14a)
þþ
(
ψ
−2/3
2 ϕ2
)
= ð′ð′
(
ψ
−2/3
2 ϕ0
)
. (14b)
Meanwhile the Buchdahl constraint enforces the mod-
ification of the test field equations by introducing the
coupling to the background curvature, for the gravita-
tional field a new feature appears – the backreaction of
perturbations on the geometry, as can be seen from the
additional term in the Teukolsky – Starobinsky identities
for gravitational field:
þ′þ′þ′þ′
(
ψ
−4/3
2 ψ˙0
)
= ðððð
(
ψ
−4/3
2 ψ˙4
)
+ 3V ¯˙ψ4 , (15a)
þþþþ
(
ψ
−4/3
2 ψ˙4
)
= ð′ð′ð′ð′
(
ψ
−4/3
2 ψ˙0
)
− 3V ¯˙ψ0 (15b)
where V is an operator defined by its action on scalar of
GHP weight [p, q]
V = ψ−1/32
[
τ ′ð− τð′ + %þ′ − %′þ + p
2
ψ2 +
q
2
%
%¯
ψ¯2
]
.
(16)
This is valid for non-accelerating vacuum type D space-
times [31]. Clearly, V ′ = −V.
Summing up these results, we can write the Teukol-
sky – Starobinsky identities as (g2 denoting the backreac-
tion term for s = 2 case)
þ′ 2s
(
ψ
−2s/3
2 Φ[2s,0]
)
= ð2s
(
ψ
−2s/3
2 Φ[−2s,0]
)
+ g2 , (17a)
þ2s
(
ψ
−2s/3
2 Φ[−2s,0]
)
= ð′ 2s
(
ψ
−2s/3
2 Φ[2s,0]
)
+ g′2 . (17b)
For the sake of completeness let us write down also the
third, independent, Teukolsky – Starobinsky identity for
electromagnetic field, discovered in [30, 32]
(þð + τ¯ ′þ)
(
ψ
−2/3
2 ϕ2
)
=
(
þ′ð′ + τ¯þ′
) (
ψ
−2/3
2 ϕ0
)
, (18)
which is identical with its primed version and also with its
starred version (star operation being the other standard
GHP permutation of the null tetrad, cf. [18]).
B. The Debye potentials
The Debye potential — a single complex scalar field
— from which not only the spin-weight +s and −s
4NP components, but all the field components, cf.
ψ˙0, ψ˙1, ψ˙2, ψ˙3, ψ˙4, can be generated was introduced in
[13, 33]. There are more ways how to introduce this
scalar potential [33, 34] which is easily seen from the
fact that in spinor formalism the Hertz potential is
given by χAB...C = ψˆ oAoB . . . oC or its primed version
χAB...C = ψ˜ ιAιB . . . ιC (in [33] even the third possibility
for the electromagnetic field, i.e. χAB = ψˇ o(AιB), is ex-
plicitly worked out). The NP projection of the equation
for Hertz potential (see Eqs. (2.9), or (4.13) in [34]) are
the equations for the Debye potential, given also sooner
in [33], which we write here in GHP notation as follows[
(þ− %¯) (þ′ + (2s− 1)%′)− (ð− τ¯ ′) (ð′ + (2s− 1)τ ′) (19a)
−(2s− 1)(s− 1)ψ2
]
ψ˜[2s,0] = 0 ,[(
þ′ − %¯′) (þ + (2s− 1)%)− (ð′ − τ¯) (ð + (2s− 1)τ)(19b)
−(2s− 1)(s− 1)ψ2
]
ψˆ[−2s,0] = 0 ,
while the test fields itself are generated by differentiation
of the Debye potentials ¯ˆψ[0,−2s] (or
¯˜
ψ[0,2s], to be discussed
later) as follows: Klein –Gordon field
ϕ =
¯ˆ
ψ[0,0] , (20)
neutrino field
χ0 = þ
¯ˆ
ψ[0,−1] , (21)
χ1 = ð′
¯ˆ
ψ[0,−1] , (22)
electromagnetic field
ϕ0 = þþ
¯ˆ
ψ[0,−2] , (23)
2ϕ1 =
[
(þ + %) ð′ +
(
ð′ + τ ′
)
þ
] ¯ˆ
ψ[0,−2] , (24)
= 2
(
þð′ + τ ′þ
) ¯ˆ
ψ[0,−2] ,
= 2
(
ð′þ + %ð′
) ¯ˆ
ψ[0,−2] ,
ϕ2 = ð′ð′
¯ˆ
ψ[0,−2] , (25)
where the scheme of generating of the field components
from the potential can be clearly seen and is visualised
in Fig. 1. There exists only one way how to get in two
steps from ¯ˆψ to ϕ0 or ϕ2. On the contrary, there are two
possibilities how to get to ϕ1 and both of them have to
be taken into account. Later, of course, the expressions
can be simplified using the commutators as in Eq. (24).
We will not study the Rarita – Schwinger field in de-
tails, the reader can find the discussion in3 [26], but let
us note that
Σ0 = þþþ
¯ˆ
ψ[0,−3] , (26)
Σ3 = ð′ð′ð′
¯ˆ
ψ[0,−3] . (27)
3This result is a consequence of their calculations, but it is not
explicitly stated in [26].
p
q
¯ˆ
ψ
ϕ0ϕ1ϕ2
ð ′
ð ′
þ
þ
(a) ϕ0, ϕ2
p
q
¯ˆ
ψ
ϕ0ϕ1ϕ2
ð ′
þ
+
%
þ
ð ′
+
τ ′
(b) ϕ1
FIG. 1: Electromagnetic NP scalars ϕ0, ϕ1, ϕ2 being
obtained from the Debye potential ¯ˆψ[0,2]; [p, q] diagram.
The gravitational perturbations, which are becoming
more complicated due the gauge dependence and the cou-
pling to the background geometry, are not discussed here
in their full complexity, the reader can find details in
[14, 34, 35]. The NP scalars perturbations4 ψ˙0 and ψ˙4 in
incoming radiation gauge read
2ψ˙0 = þþþþ
¯ˆ
ψ[0,−4] , (28)
2ψ˙4 = ð′ð′ð′ð′
¯ˆ
ψ[0,−4] (29)
−3ψ2
[
τ ′ð− τð′ + %þ′ − %′þ− 2ψ2
]
ψˆ[−4,0] ,
where the backreaction exhibits itself in the second term
in (29) for the gravitational perturbations, as discussed
above the Eqs. (15a) – (15b).
It should be noted that in general (for arbitrary s)
ð′(2s) ¯ˆψ[0,−2s] , (30)
as well as
ψ
2s/3
2 ψ
−1/3
2
[
τ ′ð− τð′ + %þ′ − %′þ− sψ2
]
ψˆ[−2s,0] (31)
= ψ
2s/3
2 V ψˆ[−2s,0] , (32)
are linearly independent solutions of the Teukolsky mas-
ter equation (13b).
From the Teukolsky – Starobinsky identities we ob-
serve, that the combination ψ
−2s/3
2 Φ[±2s,0] seems to be
somewhat fundamental. In [30, 36] the Teukolsky master
equation (13a), (13b) was cast in the form where an op-
erator acts on ψ
−2s/3
2 Φ[±2s,0] instead of just plain Φ[±2s,0].
The resulting equations, an equivalent form of (13a) and
4As in [14] the NP scalars ψ˙1, ψ˙2, ψ˙2 are sums over all possible
paths of length 4 connecting ¯ˆψ and ψ˙j in [p, q] diagram (operator
ordering) and thus have 4, 6, 4 summands, see [14]. Simplifications
by means of commutators are provided in [30, 35].
5(13b), read[
(þ− %¯) (þ′ + (2s− 1)%′)− (ð− τ¯ ′) (ð′ + (2s− 1)τ ′) (33a)
−(2s− 1)(s− 1)ψ2
]
ψ
−2s/3
2 Φ[2s,0] = 0 ,[(
þ′ − %¯′) (þ + (2s− 1)%)− (ð′ − τ¯) (ð + (2s− 1)τ)(33b)
−(2s− 1)(s− 1)ψ2
]
ψ
−2s/3
2 Φ[−2s,0] = 0 .
Clearly, the Eq. (19b) for the Debye potential ψˆ is
identical with the Eq. (33b) for the rescaled NP compo-
nent of the field ψ
−2s/3
2 Φ[−2s,0] and the same equivalence
holds for equations (19a) and (33a), see [36].
In the next section we will show that similar relation
holds in between the Fackerell – Ipser equation for ϕ1 and
the third choice of the Debye potential for spin-1 field (i.e.
ψˇo(AιB)) .
From the equivalence of these equations, we immedi-
ately observe, that any solution of the Teukolsky master
equation can serve as the Debye potential for the field of
the same spin s
Φ[−2s,0] −→ ψˆ[−2s,0] = ψ−2s/32 Φ[−2s,0] , (34a)
Φ[2s,0] −→ ψ˜[2s,0] = ψ−2s/32 Φ[2s,0] . (34b)
In this way an infinite sequence of solutions can be gen-
erated from a single initial solution.
C. TSI in terms of the Debye potential
In a compact notation we can write the field compo-
nents in terms of the Debye potential for s ≤ 3/2 as
Φˆ[2s,0] = þ2s
¯ˆ
ψ[0,−2s] , Φˆ[−2s,0] = ð′ 2s
¯ˆ
ψ[0,−2s] , (35)
and Φ[4,0] given by (28), Φ[−4,0] by (29), which represents
the solution of the Teukolsky master equation in term of
the Debye potential ψˆ.
Substituting (35) into (17b) we can write this Teukol-
sky – Starobinsky identity as
þ 2s
(
ψ
−2s/3
2 ð
′ 2s
)
¯ˆ
ψ[0,−2s] = ð′ 2s
(
ψ
−2s/3
2 þ
2s
)
¯ˆ
ψ[0,−2s] ,
(36)
which holds even for gravitational perturbation since the
backreaction contribution to ψ˙4 given by −3ψ4/32 V ψˆ[−4,0]
exactly cancels out the term −3V ¯˙ψ0 when expressed in
term of the Debye potentials (utilizing the fact that the
operator V commutes with all the GHP derivatives by
construction).
Explicitly performing the commutators in (36), for
s ∈ (1/2, 1, 3/2, 2) it is proven that this commutator
is identically zero; ζ[0,−2s] is now an arbitrary complex
scalar function which does not have to be the solution of
the Debye potential equation[
ψ
−2s/3
2 þ
2s, ψ
−2s/3
2 ð
′2s
]
ζ[0,−2s] = 0 , (37)
which is a manifestation of underlying symmetry of type
D spacetimes.
On the other hand substituting (35) into the second
Teukolsky – Starobinsky identity (17a) leads to
þ′ 2s
(
ψ
−2s/3
2 þ
2s
)
¯ˆ
ψ[0,−2s] = ð2s
(
ψ
−2s/3
2 ð
′ 2s
)
¯ˆ
ψ[0,−2s] ,
(38)
only for s ≤ 3/2 and for s = 2 we get
þ′ 4
(
ψ
−4/3
2 þ
4
)
¯ˆ
ψ[0,−4] =
ð4
(
ψ
−4/3
2 ð
′ 4
)
¯ˆ
ψ[0,−4] − 9Vψ¯4/32 V¯ ¯ˆψ[0,−4] . (39)
These identities hold only if ψˆ is the solution of (19b).
The apparent asymmetry (or broken symmetry of prime
operation in between (15a) and (15b)) of the Teukol-
sky – Starobinsky identities in terms of the Debye poten-
tials follow from the fact that under the prime operation
also the Hertz potential transforms as ψˆoAoBoCoD →
ψ˜ιAιBιCιD and the expression of ψ˙0 and ψ˙4 also breaks
the symmetry.
Using the Debye potential ψ˜ we can draw the same
conclusions for GHP scalars of weight [0, 2s], moreover
their primed versions hold too.
III. POINT PARTICLES
A. Preliminary — Kerr black hole
The rotating black hole — the Kerr solution — was
discovered in 1963 by Roy Kerr [37]. Recent historical
reviews on this fundamental solution can be found in
[38, 39].
Although the Kerr solution is well known we feel
obliged to summarize the metric and the NP tetrad which
we use, so that the further presented results are self-
contained.
The metric itself in Boyer – Lindquist coordinates reads
ds2 = −∆
Σ
(
dt− a sin2 θ dϕ)2 + Σ
∆
dr2 + Σ dθ2
+
sin2 θ
Σ
((
a2 + r2
)
dϕ− a dt)2 , (40)
with the standard definitions ∆ = r2 − 2Mr + a2 and
Σ = r2 + a2 cos2 θ where M is the mass of a black hole
and Ma is its angular momentum.
The Kinnersley NP5 tetrad (l, m, m¯, n) adapted to
the principal null directions of the Weyl tensor read as
5Notice the boost given by
√
2 in contrast to standard textbook
form. This makes the resulting expressions in term of the Debye
potentials to appear ‘more symmetrical’.
6follows
l =
1√
2 ∆
[(
r2 + a2
)
∂t + ∆∂r + a∂ϕ
]
,
n =
1√
2 Σ
[(
r2 + a2
)
∂t −∆∂r + a∂ϕ
]
,
m =
1√
2 (r + ia cos θ)
(
ia sin θ ∂t + ∂θ
+ i csc θ ∂ϕ
)
.
(41)
The nonzero NP spin coefficients are listed below
pi =
i√
2
a sin θ
(r − ia cos θ)2 , µ =
−1√
2
∆
Σ (r − ia cos θ) ,
τ =
−i√
2
a sin θ
Σ
, % =
−1√
2
1
(r − ia cos θ) ,
γ = µ+
1√
2
r −M
Σ
, β =
1√
2
cot θ
(r + ia cos θ)
,
α = pi − β¯ ,
(42)
and the only nonzero Weyl scalar reads
ψ2 = − M
(r − ia cos θ)3 . (43)
B. Exact Debye potentials
In this section we will solve the Debye potentials for
point particles, generalizing known results (a) to an ar-
bitrary position in the case of the Schwarzschild back-
ground or (b) to a particle on the rotation axis for the
Kerr background.
1. (a) Arbitrary position, non-rotating background
Let us recall that Copson found and Linet later
corrected solution for a static point charge on the
Schwarzschild background in terms of static potential
V (r, θ, ϕ), i.e. the component of four potential A =
V (r, θ, ϕ) dt, as
V =
e
(
r˜r˜0 −M2υ
)
r0r
√
r˜2 + r˜20 − 2r˜r˜0υ −M2 (1− υ2)
+
em
r0r
, (44)
where location of the particle is encoded in its radial posi-
tion r0 and angular coordinates θ0, ϕ0, which are hidden
in the function
υ(θ, ϕ) = cos θ cos θ0 + sin θ sin θ0 cos (ϕ− ϕ0) . (45)
For the sake of clarity we also introduced shortcuts
r˜ = r −M , r˜0 = r0 −M , (46)
which enter the equations frequently, and define
ξ = r˜2 + r˜20 − 2 r˜ r˜0 υ −M2
(
1− υ2) , (47)
which is a square of generalized distance from the point
particle to the field point (cf. law of cosines).
In [15] the Debye potential for point charge (s = 1)
and point-like particle (s = 2) on the (coordinate) axis
of the Schwarzschild background was given.
Here, we provide the solution representing static
point particle of any spin at arbitrary position in the
Schwarzschild spacetime. The Teukolsky master equa-
tion (11) is written for
Φ[2s,0] =
w(r, θ, ϕ)
sins θ
, (48)
and reads as follows(
∆1+sw,r
)
,r
∆s
+
(
sin1−2s θ w,θ
)
,θ
sin1−2s θ
+
2is cos θ w,ϕ + w,ϕϕ
sin2 θ
+ 2sw = 0 .
(49)
The solutions are
Φ[2s,0] =
(υ,θ sin θ + iυ,ϕ)
s
ξs+1/2 sins θ
. (50)
The equation for the Debye potential reads, for ¯ˆψ =
W (r, θ, ϕ)/ sins θ, as follows
∆s
(
∆1−sW,r
)
,r
+
(
sin1−2s θW,θ
)
,θ
sin1−2s θ
+
2is cos θW,ϕ +W,ϕϕ
sin2 θ
= 0 .
(51)
The Debye potentials corresponding to the solutions (50)
can be obtained by integration, since we have
Φ[2s,0] = þ2s
¯ˆ
ψ[0,−2s] =
(
1√
2
∂
∂r
)2s
¯ˆ
ψ . (52)
It is a well known fact, that the lowest multipole part of
the field of l ≤ s are not treated by the Teukolsky master
equation, since the radiative NP components are com-
pletely insensitive to these modes. But these terms are
included in the Debye formalism. In [15] they found that
to obtain all the NP field components they have to in-
clude so called “homogeneous” solutions of the equations
for the Debye potentials. These “homogeneous” solutions
naturally arose as integration constants while solving the
equation (52). We will discuss these terms later in the
general Kerr background.
For now let us present the resulting Debye poten-
tial which is, in general, for arbitrary spin (except half-
integers)
¯ˆ
ψ[0,−2s] =
ξs−1/2 (υ,θ sin θ + iυ,ϕ)
s
(1− υ2)s sins θ . (53)
7For the sake of completeness let us mention that the in-
tegration of (52) is straightforward and lead to
¯ˆ
ψ[0,−1] =
√
υ,θ sin θ + iυ,ϕ√
sin θ
×
arctan
(
r˜−r˜0υ√
(r˜0+M)(r˜0−M)(1−υ2)
)
√
(r˜0 +M)(r˜0 −M)(1− υ2)
, (54)
for s = 1/2 and to little a bit longer expressions for s = 3/2
which we do not present here.
These results can be used for calculating field of more
complicated sources, since we know the Green function
of the Debye potential equation.
2. (b) On the axis of the Kerr black hole
The next possible generalization is the point particle
located on the symmetry axis of the Kerr black hole. The
Teukolsky master equation (11), written for static axially
symmetric field, for ansatz as in (48) reads as follows(
∆1+sw,r
)
,r
∆s
+
(
sin1−2s θ w,θ
)
,θ
sin1−2s θ
+ 2sw = 0 . (55)
The solutions representing point particles of arbitrary
spin located on the axis at r = r0 are
Φ[2s,0] =
sins θ
ξ
s+1/2
a
, (56)
where now ξa is
ξa = r˜
2 + r˜20 − 2 r˜ r˜0 cos θ −
(
M2 − a2) sin2 θ , (57)
with r˜ and r˜0 as in (46). The equation for the Debye
potential for ¯ˆψ = W/ sins θ read
∆s
(
∆1−sW,r
)
,r
+
(
sin1−2s θW,θ
)
,θ
sin1−2s θ
= 0 , (58)
with the solutions for non half-integer spin as follows
¯ˆ
ψ =
ξ
s−1/2
a
sins θ
, (59)
and we do not present the results of integration for half-
integer spins here.
At this point it is worth to discuss the l < s contribu-
tions to the field which we have omitted so far because
we dealt with solutions in compact, non-separated, form.
The equation for the Debye potential is separable and
for
¯ˆ
ψ = e−iωtR(r)S(θ)eimϕ , (60)
we get following set of ordinary differential equations
∆s
(
∆1−sR,r
)
,r
R
+
K2 + 2is (r −M)K
∆
(61)
−4isωr − (aω −m)2 +m2 −A = 0 ,
(sin θ S,θ),θ
sin θ S
+ (aω cos θ − s)2 (62)
− (m+ s cos θ)
2
sin θ
− s(s+ 1) +A = 0 ,
which are equivalent to the Teukolsky equations [4] up to
sign change for spin and where K =
(
a2 + r2
)
ω− am as
usually.
We will restrict ourselves to the static axially sym-
metric configurations and using these equations we can
classify the l < s contributions to the field using l.
For s = 1 and l = 0 the general solutions are
R(r) = A1r +A0 , (63)
S(θ) = B1
cos θ
sin θ
+B0
1
sin θ
. (64)
From the general solution ¯ˆψ = R(r)S(θ) the monopole
electromagnetic field is generated by equations (23) –(25),
namely
ϕ0 = 0 , (65)
2ϕ1 =
A0B1 − iaA1B0
(r − ia cos θ)2 , (66)
ϕ2 = 0 , (67)
which we will discuss in the next Section. Let us just
note that the solution
A0B0
1
sin θ
+A1B1 r
cos θ
sin θ
(68)
do not contribute to the physical field at all and thus are
just calibration fields.
For s = 2 and l = 0 we get
R(r) = A1 (r −M) +A2
(
r2 − a2) , (69)
S(θ) = B1
cos θ
sin2 θ
+B2
cos2 θ + 1
sin2 θ
, (70)
and for s = 2, l = 1 the solution is as follows
R(r) = A0 +A3
(
1
3
r3 −Mr2 + a2r
)
, (71)
S(θ) = B0
1
sin2 θ
+B3
(
cos2 θ − 3) cos θ
sin2 θ
, (72)
Let us just note that there is a systematics — the mul-
tipole structure — in these contribution (which has not
been recognized in [15]).
8IV. ELECTROMAGNETIC FIELD, A DEEPER
ANALYSIS
Let us recall that for electromagnetic NP scalar ϕ1 a
decoupled, albeit in general non-separable, equation was
found by Fackerell and Ipser [3]. In the GHP formalism
(and for ϕ1 rescaled by ψ
−2/3
2 again) we can write it down
as [(
þ′ + %′ − %¯′) þ− (ð′ − τ¯ + τ ′) ð]ψ−2/32 ϕ1 = 0 . (73)
Surprisingly, adapting the equation for the third possible
choice of the Debye potential (Eq. (3.34) of [14]) to the
GHP formulation we get[(
þ′ + %′ − %¯′) þ− (ð′ − τ¯ + τ ′) ð] ψˇ[0,0] = 0 , (74)
which is identical to Eq. (73) and invariant under prime
operation (can be checked using GHP commutators).
Since [14] contains typos in the expressions of the electro-
magnetic NP scalars, and we found some simplifications,
let us present here the correct formulas
ϕ0 = 2 (þ− %¯) ð ¯ˇψ , (75)
ϕ1 =
[
(þ + %− %¯)þ′ + (ð′ + τ ′ − τ¯) ð] ¯ˇψ , (76)
= 2
[
ð′ð + (%− %¯) þ′] ¯ˇψ ,
ϕ2 = 2
(
þ′ − %¯′) ð′ ¯ˇψ . (77)
Similar scheme as Fig. 1 can be produced. Now there are
two possible ways to get (in [p, q] diagram) to the points
ϕ0 and ϕ2 and even four possible ways to ϕ1. The pre-
sented results are already simplified using commutators
and also the equation for the Debye potential.
In the following calculations we will use the Debye po-
tential ψˆ, since it is defined for an arbitrary spin and the
resulting expressions are more compact and useful (we
have calculated ψˇ for a point charge, but it is not worth
publishing).
Using the equation for the Debye potential ψˆ for sim-
plification of the results the static axially symmetric elec-
tromagnetic field reads as follows
2ϕ0 =
¯ˆ
ψ,rr , (78)
2ϕ1 =
(
¯ˆ
ψ,θ
r − ia cos θ
)
,θ
− i (ir cos θ + a)
¯ˆ
ψ,r + cos θ
¯ˆ
ψ
(r − ia cos θ)2 sin θ ,
(79)
2ϕ2 =
∆
(r − ia cos θ)2
¯ˆ
ψ,rr . (80)
Total electric charge Qe and magnetic charge Qm can
be calculated by integrating twoform F ∗ = F −i?F over
a closed 2-surface. This yields
iQe +Qm =
1
4pi
∮
F ∗ . (81)
After standard reconstruction of F ∗ from the NP compo-
nents and the NP tetrad we get for surfaces of constant
t and r
iQe +Qm = 2pi
∫ pi
0
− (r − ia cos θ) a sin2 θ ϕ2
− 2i sin θ (r2 + a2)ϕ1 + a∆ sin2 θ
r − ia cos θ ϕ0 dθ . (82)
A. Point particle
Since the physical setup we are interested in is a point
electric charge q at r = r0 on the axis above the neutral
Kerr black hole, our requirements are as follows
iQe +Qm = 0 , for r < r0 ,
iQe +Qm = iq , for r > r0 .
(83)
For a point charge we checked that the field generated
from our solution (59) with s = 1 by means of (23) – (25)
is proportional to the solution of [7], or [8], which is given
in terms of series expansion.
Yet, there is one difference, or correction: the pres-
ence of an electric point charge on the axis of symmetry
above the Kerr black hole does not only induce an electric
monopole charge on the black hole, but it also induces a
magnetic monopole charge on the black hole which has
to be counterbalanced.
Taking the conditions (83) into account leads us to the
solution
¯ˆ
ψ =
q
r20 + a
2
[
(r0 − ia)
√
ξa
sin θ
−M
(
r0
cos θ
sin θ
+
r
sin θ
)]
(84)
for the Debye potential which includes the monopole so-
lution.
The monopole contribution corresponds to the field
2ϕ1 = qM
ia− r0
r20 + a
2
1
(r − ia cos θ)2 , (85)
which would on its own represent electric and magnetic
charges on the Kerr black hole given by
iQe +Qm =
ir0 − a
r20 + a
2
qM . (86)
We thus see that we had to add also a magnetic monopole
proportional to the rotation parameter a in order to coun-
terbalance the magnetic monopole induced on the black
hole by the presence of a point (purely) electric charge
on the axis.
Analyzing the asymptotic field, we have to correct also
the magnetic dipole moment of this system as given in
[7] to
µmag = −2 r0aMq
r20 + a
2
. (87)
9(a) a = 1 (b) a = 1.9 (c) a = 2 (extremal Kerr)
(d) a = 1 (e) a = 1.9 (f) a = 2 (extremal Kerr)
FIG. 2: The electric and magnetic flux equipotentials in the first and second second row, respectively, of a point
particle at a = 5 for the Kerr black hole of M = 2 with varying a. The outer black hole horizon is depicted by the
thick red circle, the point particle itself by the red dot and the red horizontal line is the axis of rotation. Since the
field is axially symmetric we omit the second half of the pictures.
(a) a = 1 (b) a = 1.9 (c) a = 2 (extremal Kerr)
(d) a = 1 (e) a = 1.9 (f) a = 2 (extremal Kerr)
FIG. 3: The electric and magnetic flux equipotentials in the first and second row, respectively, of an electromagnetic
magic field at r0 = 5 + i for the Kerr black hole of M = 2 with varying a. The disk itself is depicted by the thick
blue curve given by Eq. (90). Otherwise the legend is as in Fig. 2
This particular solution is regular everywhere except
the location of the particle itself as can be seen
• from the expansion in the basis given by spheroidal
harmonics and solution of the Teukolsky radial
equation. This expansion coincides with the so-
lution given in [7] and is regular at the horizon,
• from inspecting the tetrad components (ZAMO
tetrad) of the electric and magnetic field which are
provided in Appendix A. Axial components of the
fields are identically zero.
B. Electromagnetic magic field
The electromagnetic magic field was introduced to the
special relativity by Donald Lynden-Bell [40]. It is a
generalization of an old Appell’s solution [41] who found
that it is possible to have the position of point-like parti-
cle shifted to a complex space when solving the Laplace
equation.
Lynden-Bell showed that an electric charge at position
r0 = iaez produces the same electromagnetic field as is
the G→ 0 limit of the Kerr –Newman solution. The elec-
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tromagnetic magic field is produced by a rigid rotating
disc with a charge density distribution
σ = − qa
2pi (a2 − r2)3/2
, (88)
which is divergent but is rectified by a thin rim of op-
posite charge at the very end of the disc which rotates
with the speed of light. We found its generalization to
uniformly accelerated case, i.e. the G → 0 limit of the
C-metric, in [42].
The Debye potential for a point-like particle (84)
and (53) has its location encoded in parameters r0 and
r0, θ0, ϕ0, respectively. There is no restriction for these
to be real. Making them complex leads to an electromag-
netic magic field on the Kerr and Schwarzschild back-
grounds, respectively.
We will discuss the first case here. Substituting r0 →
r0 + irI to ξa gives us
ξa = (r0 + irI −M)2 + (r −M)2
− 2 (r0 + irI −M) (r −M) cos θ
− sin2 θ (M2 − a2) . (89)
The position of the disc is given by the root of Im(ξa) = 0,
i.e. by
rd =
r0 − (1− cos θ)M
cos θ
, (90)
whereas the very end of it, the rim itself, is given by the
root of ξa = 0 in the complex plane. The appropriate
interval 〈0, θd〉 is bounded by
θd = arccos

√√√√ζ −√ζ2 − 4 (M2 − a2) (M − r0)2
2 (M2 − a2)
 ,
(91)
where ζ = M2 − a2 + r2I + (M − r0)2. By computing the
electromagnetic field from the Debye potential (84) with
ξa as in (89) we can produce a field plots as in Fig. 3.
C. Flux tubes
We will visualise the electromagnetic field of sources
hovering above the Kerr solution on the symmetry axis
using the technique developed by Ruffini and Hanni [5] as
a continuation of [43] and used also in [44]. This method
shows the axially symmetric tubes of constant flux of
electric (imaginary part) or magnetic field (real part),
i.e. equipotentials in (r, θ) plane of the function
iΦe + Φm =
1
2
∫ θ
0
F ∗θϕ dθ˜ . (92)
These so called “generalized field lines” for a point par-
ticle are shown in Fig. 2. The visualisation of the field
for electromagnetic magic field on the Kerr background
is in Fig. 3.
The rotation of the spacetime induces a magnetic field.
We can observe how this magnetic field is expelled out
of the outer horizon as the Kerr black hole approaches
extremality. This is a particular manifestation of the
general phenomenon called Meissner effect.
V. CONCLUSIONS
We discussed a form simplification of the Teukol-
sky master equation (and Fackerell – Ipser equation) and
shoved that the equation for the Debye potential is al-
most identical. A new form of Teukolsky – Starobinsky
identities was presented.
Then we applied our results to point particles on the
Kerr background and showed how, in a systematic way,
the lowest multipoles can arise from the Debye potential.
Yet, we primarily focused on compact form of solutions;
not series solutions.
For an electromagnetic field we showed that a mag-
netic monopole must be added to a black hole in order to
compensate the magnetic monopole induced by the mu-
tual interplay of the rotation and the point charge on the
axis.
We also showed how an electromagnetic magic field
generalization of a point particle is easy to obtain and
plotted flux equipotentials for several configurations.
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Appendix A: ZAMO tetrad and electromagnetic
field projections
In order to provide a physical interpretation of the
fields an observer has to be introduced. Simultaneously
the fields have to be projected on an appropriate or-
thonormal tetrad. One of the most useful congruences of
observers are zero angular momentum observers (ZAMO)
whose four velocity is defined by ua ∝ (dt)a, the con-
gruence is thus non-twisting and as its name suggest
angular momentum of particular observer vanishes, i.e.
L ≡ η · u = 0. The tetrad (u ≡ e(t)) is given by
e(t) =
1
N
(∂t + ω ∂ϕ) , e(r) =
√
∆
Σ
∂r ,
e(θ) =
1√
Σ
∂θ , e(ϕ) =
1
sin θ
√
Σ
Υ
∂ϕ ,
(A1)
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where
N =
√
(η · ξ)2
η · η − ξ · ξ , ω = −
ξ · η
η · η , (A2)
and
Υ = ∆Σ + 2Mr
(
a2 + r2
)
. (A3)
We denote scalar product of vector u ·v = uagabvb. The
Killing vectors of the Kerr metric are ξ = ∂t and η = ∂ϕ.
The projections
E(j) = e(t) · F ∗ · e(j) , for j ∈ (r, θ, ϕ) , (A4)
written in compact form for E = E + iB are
E(r) =
−ia sin θ∆
%˜ ϕ0 − 2
(
r2 + a2
)
ϕ1 + ia sin θ%˜ ϕ2√
Υ
,
E(θ) = r
2 + a2√
∆Υ
(
∆
%˜
ϕ0 − 2ia sin θ∆
r2 + a2
ϕ1 − %¯ ϕ2
)
,
E(ϕ) = − i
√
∆
%˜
ϕ0 − i%˜√
∆
ϕ2 ,
(A5)
where %˜ is a shortcut for r − ia cos θ.
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